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Abstract
In this paper we present an approach to describe polyhedra by meshes of discrete triangles. The
study is based on the theory of arithmetic discrete geometry (J.-P. Reveilles, Geometrie discrete,
calcul en nombres entiers et algorithmique, These d’etat, Universite Louis Pasteur, Strasbourg,
December 1991). As distinct from the previous investigations on this topic, the triangles we
introduce are parts of the thinnest possible discrete 6-tunnel-free planes, i.e., those that are
usually used in practice.
Given a plane P in the space, we dene a 6-tunnel-free discrete plane, called a regular
plane, which appears to be the best approximation to P. Given a mesh of triangles, we propose
a method to approximate any triangle by a discrete triangular patch { a portion of a regu-
lar plane, and we prove that the resulting triangular mesh is 6-tunnel-free. The properties of
the approximation obtained make the suggested approach convenient for practical applications.
c© 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction
Similar to the intensive development of two-dimensional (2D) discrete geometry
in the late 1970s, creation of three-dimensional (3D) version of discrete geometry
has become a pressing topic in the recent years. Many authors do work within this
framework using only 3D points and digital line segments; this does not appear to be
enough to build a reliable general 3D geometry, mainly because such a geometry is
far too poor, compared to the usual Euclidean geometry.
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The main aim of our work is thus to provide a good theoretical denition of discrete
3D triangles, a denition that allows to control accurately the thickness of the triangles
and what happens along the common edge of two adjacent discrete 3D triangles. Many
of such triangles can be combined to build complex 3D objects in several elds of 3D
geometry.
One major application eld of 3D geometry is volumetric graphics, which employs
3D volume buer as a medium for representation and manipulation of 3D scenes.
The 3D discrete data for a scene can be obtained by appropriate measurements, e.g.,
computed tomography, ultrasonography, 3D range scanners, confocal microscopy, ge-
ological or meteorological measurements, or through discretization (scan conversion)
of 3D continuous objects. All objects of the scene are converted into one uniform
object { the voxel. That is why it becomes a problem of present interest to develop
relevant methods for discretization. A number of algorithms for scan conversion have
been developed (see, e.g., [16{19, 24]).
At the same time, in many applications models are used which are based on meshes
of polygons (usually triangles). These meshes contain huge number of patches { in
order of hundreds of thousands (even millions) of polygons (see, e.g., [8] and the
discussion therein). This makes their processing time consuming. A typical example
is the following problem arising from the geological application: Given a geometrical
model of geological formations, in the form of generalized cards { hierarchy of vertices,
edges and faces [23] { nd the wave propagation generated from certain source. To
solve the problem with satisfactory accuracy, one needs to nd an enormous number
of line-plane intersections, and a list of voxels { subject of wave propagation { has
to be extracted. To perform this process for an object with, e.g., 500 vertices, it takes
more than one hour on SGI Indigo Workstation (100MHz) [10].
In contrast, the discrete approach, i.e., one based on an internal model which is a
set of voxels, gives excellent results when applied to the well-known algorithm of ray-
tracing [14]. 3D discrete ray-tracing [30] completely eliminates the costly computation
of ray{object intersections, and instead relies solely on a fast discrete ray traversal
mechanism and a single simple object { the voxel.
A question arises: is it possible to speed up the processing by applying a discrete
approach? In order to answer this question, one needs to dene what a discrete mesh
is, and to develop algorithms for its generation.
One possible approach is to \construct" the continuous object whose faces are the
given polygonal patches, and to apply next the existing algorithms for discretization.
However, such a scan conversion would require computational resources comparable
with those needed to process the corresponding continuous object.
Another, more promising idea, is to generate a discrete mesh directly from a given
hierarchy of vertices and edges. An initial study of discrete meshes has been reported in
[2]. There the authors consider discrete objects in terms of \Supercovers" of Euclidean
planes. The Supercover of a plane P (resp. of any object O) is the set of all voxels
intersected by P (resp. by O). In [3, 4] this study is extended to the consideration of
discrete polyhedra whose faces are parts of Supercovers of the corresponding continu-
R.P. Barneva et al. / Theoretical Computer Science 246 (2000) 73{105 75
Fig. 1. The Supercover of the line L contains a so called bubble, i.e., a set of four pixels (marked )
intersecting the line at a pixel-vertex : The Supercover is not, in this case, the thinnest possible discretization.
ous planes. The \Supercover approach" is quite natural. Actually, this idea is somehow
universal, and it has been applied for centuries to resolve a variety of problems (e.g.,
for computation of volumes, etc.). Regarding meshes and polyhedra discretization, the
Supercovers have many advantages:
 The polyhedra obtained through this method are tunnel-free, which is of importance
for the ray-tracing applied in a later stage of the visualization pipeline.
 They have good properties under set operations. For example, the Supercover of the
union of two objects is the union of the separate Supercovers of these objects, which
is interesting for discrete modeling.
 The Supercover of an object is not dependent of the order in which parts of the
object are discretized. For example, the Supercover of the line segment connecting
two points A and B is identical to the Supercover connecting B and A, which is not
the case with Bresenham lines [5].
 The Supercovers of rational points, lines, line segments, triangles, triangles shar-
ing a common edge, both in 2D and 3D, are characterized by discrete analytical
descriptions, leading to fast integer-based generation and localization algorithms.
In addition, the Supercover methodology is very simple and easily comprehended by
non-experts.
However, a weakness of the Supercover discretization is the fact that Supercovers
are not, in the general case, the thinnest discretization (Fig. 1).
As mentioned in [2{4], there is an evidence that the optimal basis for obtaining thin
discrete polygons and meshes of polygons are the \naive" discrete planes, because they
are the thinnest possible discrete planes without holes, as it appears in recent studies
[1, 6, 7, 13, 28, 27]. However, this idea was recognized as very dicult for realization.
One obstacle is the fact that the intersection of two naive planes is not a line and can
even be a disconnected set of voxels (Fig. 2, see also [6]).
In the present paper we approach this problem from a theoretical perspective and
propose a way for overcoming the above mentioned diculties. We study the pos-
sibilities for obtaining discrete meshes of the thinnest (naive) planes and describe
their properties. We use the tools of arithmetical discrete geometry, developed by
76 R.P. Barneva et al. / Theoretical Computer Science 246 (2000) 73{105
Fig. 2. Intersection of two naive planes: P(−12;−27; 54; 27; 54) and P(−14;−17; 63; 31; 63) in the domain
x2 [−10; 10], y2 [−10; 10]. The rst plane is in white, the second one { in dark gray, and the disconnected
intersection is in light gray.
Reveilles [26]. This approach is convenient regarding the memory reduction, since
a discrete plane can be described through a formula involving only ve integers.
The latter fact provides the possibility to perform analytic operations, e.g., to check
whether a voxel belongs to an object, to nd the intersection of two discrete
objects, etc.
The paper is organized as follows. In Section 2 we recall fundamental denitions
of discrete objects, as well as certain basic facts to be used in the sequel. Further we
dene three-dimensional discrete triangle, which is a basic element of any triangular
meshes, and we study some properties of such triangles.
Section 3 presents the basic results of the paper. We study the properties of trian-
gular meshes consisting of two discrete triangles which correspond to two Euclidean
triangles in the 3D space, sharing a common side. We distinguish between two cases,
depending on whether the corresponding discrete naive planes containing the triangles
are functional in the same or in two dierent coordinate planes. We show that, in the
latter case, the mesh is always 6-tunnel-free. For the former case, we show that some
degenerate examples of meshes can be disconnected sets. We study the structure of
such disconnections and suggest a simple and ecient procedure for discovering and
lling up the possible holes.
In Section 4 we summarize our results and discuss possible further research in the
framework of a more general scheme for polyhedra discretization. In an Appendix we
give a detailed description of the basic algorithm for tracing 3D discrete triangles.
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2. Preliminaries
2.1. Basic denitions and facts from discrete geometry
In this subsection we recall some basic denitions and facts from discrete geometry,
which will be used in the sequel. Most of these notions and properties have been
introduced and studied, e.g., in [1, 6, 21, 26].
Throughout we use the following standard denotations. R denotes the set of the
real numbers, Z denotes the set of integers, N denotes the set of the natural num-
bers. Z2 is the set of ordered pairs f(x; y) j x; y2Zg, Z3 is the set of ordered triples
f(x; y; z) j x; y; z 2Zg.
For a2R, [a] denotes the greatest integer not exceeding a.
Oxy, Oyz, and Ozx are the coordinate planes in the three-dimensional Cartesian
coordinate system.
AB denotes the segment with end-points A and B, and jABj is the length of AB.
Discrete coordinate plane consists of unit squares, called pixels, centered on the
integer points of the two-dimensional Cartesian coordinate system in the plane. Discrete
coordinate space consists of unit cubes, called voxels, centered on the integer points
of the three-dimensional Cartesian coordinate system in the space. The pixels’=voxels’
coordinates are the coordinates of their centers. The edges of a pixel=voxel are parallel
to the coordinate axes.
Denition 1. 2D Discrete line is a set of pixels L(a; b; ; !)= f(x; y)2Z2 j 06ax +
by + <!g, where a; b; 2Z, !2N. ! is called arithmetical thickness or width of
the discrete line and  is called internal translation constant.
Denition 2. 2D Adjacency: Two pixels are 4-adjacent if they have a common side.
The pixels are 8-adjacent if they share a vertex or side. The set of all pixels adjacent
to a given pixel p is called neighborhood of p.
Denition 3. Connectivity of 2D discrete lines: A discrete line L(a; b; ; !) is:
4-connected (standard) if != jaj+ jbj; 8-connected (naive) if !=max(jaj; jbj).
Any 2D naive line L=L(a; b; ; !) is functional over one of the coordinate axes,
i.e., for every xed x (every xed y)2Z there exists exactly one pixel belonging to L.
Clearly, such a property does not hold for any discrete line. It is easy to see that the
coordinate axis over which the discrete line is functional is that one making an angle
less than or equal to 45 with the slope a=b.
Denition 4. Implicitly associated 2D discrete line: If L : ax+by+ c=0 is a straight
line in the plane with a; b; c2Z, then L(a; b; c;max(jaj; jbj)) is the 2D discrete line
implicitly associated with L. Obviously, this discrete line is naive (Fig. 3a).
A special case of a naive line which appears to be the best discrete approximation to
the corresponding continuous straight line among the set of all possible naive lines is the
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Fig. 3. The straight line L : 2x− 8y+1=0 and a) the discrete line L(2;−8; 1; 8) implicitly associated with
L, and b) the Bresenham line: L(2;−8; 4; 8), which is the best naive line approximation of the straight line.
Bresenham line, denoted LB. Usually in the literature the Bresenham line is described
algorithmically [5]. Reveilles [26] denes it by formula as follows. Let L(a; b; ; !) be
a naive line passing through O(0; 0) such that = [!2 ]. Then this line is a Bresenham
line (Fig. 3b). In raster graphics Bresenham lines are widely adopted as a standard
tool for line discretization. The Bresenham line has the following properties.
Lemma 1. The Bresenham line contains only pixels which are in a distance at most
1=2 from the corresponding points of the continuous line. More precisely; let L be
a straight line in the plane; and let LB be the related Bresenham line. Assume LB
to be functional on the x-axis; and let for some x2Z (x; y)2LB; (x; y)2L. Then
jy − yj61=2.
Fact 1. Let LB be a Bresenham line and L the corresponding continuous straight
line. Let the pixel p=(x; y)2LB. Then the intersection of L and p is a segment;
and this segment cannot be a side of p.
The development of discrete geometry in 3D space is under way. Some basic theo-
retical postulates and recent results can be found, e.g., in [6, 1]. Here we recall some
notions and properties which appear instructive and are used in our further presentation.
For more details the reader is referred to [12].
Denition 5. Discrete plane is a set of voxels P(a; b; c; ; !)= f(x; y; z)2Z3 j 06ax+
by+cz+<!g; where a; b; c; 2Z; !2N. ! is the arithmetical thickness of the plane
and  is its internal translation constant. The vector (a; b; c) is the normal vector to
the plane. (Fig. 2 displays two intersecting discrete planes).
Denition 6. 3D Adjacency: Two voxels are 6-adjacent if they share a common face.
The voxels are 18-adjacent if they have a common edge or face. They are 26-adjacent
if they have a common vertex, edge, or face. The set of all voxels adjacent to a given
voxel v is called neighborhood of v.
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Fig. 4. Connection between arithmetical thickness and tunnels of planes (when 06a6b6c).
Denition 7. Path: A sequence of voxels is a k-path (k =6; 18; 26) if every two con-
secutive voxels along the sequence are k-adjacent.
Denition 8. 3D Connectivity: Two voxels are k-connected (k =6; 18; 26) if there ex-
ists a k-path between them. A set of voxels is connected if there exists an at least
26-path between every two voxels. Otherwise it is disconnected.
Denition 9. Tunnels of planes: The plane P(a; b; c; ; !) has k-tunnel (k =6; 18; 26)
if there exist two k-adjacent voxels A(xA; yA; zA) and B(xB; yB; zB) such that axA+byA+
czA + <0 and axB + byB + czB + >!.
Let P(a; b; c; ; !) be a plane such that 06a6b6c. Connections between arithmeti-
cal thickness and tunnels of planes are summarized on Fig. 4.
A discrete plane P=P(a; b; c; ; !) is functional over a coordinate plane, say, Oxy, if
for any pixel (x; y) from Oxy there is exactly one voxel belonging to P. The following
basic property of naive planes holds.
Theorem 1 (Debled-Renesson and Reveilles [7]). A naive plane is functional over at
least one of the coordinate planes Oxy; Oyz; or Ozx.
Usually in the literature considering naive planes, the coecients satisfy the condi-
tions 06a6b6c and c 6=0. Then P is functional over Oxy, and for each z 2P(a; b; c;
; !) the equation
z=−

ax + by + 
c

(1)
holds. This function allows us to associate with every voxel (x; y; z)2P(a; b; c; ; !) a
unique pixel (x; y), and vice versa. That is, the projection of the naive plane P(a; b; c;
; !) over Oxy is a bijection. Therefore the plane can be represented by the values of
its z-coordinate over the plane Oxy, as shown on Fig. 5. The plane Oxy is called a
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Fig. 5. The naive plane P(−12;−27; 54; 27; 54) represented by its values of z-coordinate.
Fig. 6. The condition 06a6b6c imposes restriction to 1=48 of the space { an innite pyramid with apex
O and sides lying on the planes x=0, x − y=0, and y − z=0.
functional coordinate plane for P(a; b; c; ; !) and denoted by P . We will say inter-
changeably that the discrete plane P is functional over Oxy.
The imposed condition 06a6b6c, c 6=0 restricts the space considered to 1=48 part
of the whole 3D space, as shown on Fig. 6. For the general case, when a, b, and c
are arbitrary integers, we can formulate the following plain lemma.
Lemma 2. Let n=(a; b; c) be the normal vector to the naive plane P. Then
 if jcj=max(jaj; jbj; jcj) then P =Oxy.
 if jbj=max(jaj; jbj; jcj) then P =Ozx.
 if jaj=max(jaj; jbj; jcj) then P =Oyz.
If max(jaj; jbj; jcj) equals the absolute value of more than one of the coecients; then
the plane P is functional over more than one coordinate plane.
The following plain facts will be used frequently in some of the proofs of Section 3.
Fact 2. Given a naive plane P functional over Oxy; the set of all voxels of P for
some xed x (xed y) is 18-connected.
Fact 3. Given a naive plane P functional over Oxy; and voxels v1 = (x0; y0; z0) and
v2 = (x0 1; y0 1; z00) belonging to P; then jz0 − z00j 2 f0; 1; 2g.
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2.2. Discrete triangles
In this subsection we dene a three-dimensional discrete triangle { the basic element
of discrete triangular meshes. Various denitions of 3D discrete triangles are possible.
We aim to dene a discrete triangle to possess good properties. On the one hand, we
aspire to obtaining a good (best) approximation to the continuous triangle and, as a
consequence, to the triangular mesh. On the other hand, we pursue denition providing
favorable conditions for achieving algorithmical eciency. We classify the required
properties of a 3D discrete triangle into three groups.
(A) Geometric properties, analogous to ones of a continuous triangle:
{ The triangle is a part of a discrete plane which is unambiguously dened.
{ The triangle is fully dened by its three vertices.
(B) Geometric properties useful for obtaining a good (best) approximation to the
continuous plane:
(B1) Of a single triangle:
{ The triangle is as thin as possible.
{ The triangle is an at least 26-connected set.
(B2) Of a triangular mesh:
{ The union of two triangles with a common edge is at least 6-tunnel free.
(C) Algorithmical and analytical properties:
{ The triangle can be described analytically by formulae.
{ The nite set of points of a triangle can be generated by ecient algorithms.
We propose an approach which allows to fulll all the above requirements. In addi-
tion to the geometric properties (A), we will have that the projection of the 3D discrete
triangle over at least one of the coordinate planes (namely that one over which the
plane containing 3D discrete triangle is functional), is a 2D discrete triangle. This prop-
erty is used in our algorithm for generating 3D discrete triangles and, as a consequence,
for generating meshes of triangles.
Let A, B, and C be a triple of integral points in the 3D space, and consider them
as vertices of a 3D discrete triangle. Our generating method adheres to the following
scheme.
1. Determine a naive plane P from which the discrete triangle is a part.
2. Find a functional plane P .
3. Find the projections A0, B0, and C0 of the vertices A, B, and C onto P .
4. Compute the 2D triangle with vertices A0, B0, and C0 in P (it can be considered
as projection of 3D triangle with vertices A, B, and C).
5. Generate the 3D triangle in the discrete plane P from its projection over P .
In our denition we will use naive lines, as well as naive planes, which are the
thinnest 6-tunnel-free discrete planes. Among all the possible naive lines=planes we
will use those which approximate best the continuous straight lines=planes. In the
2D case these are the Bresenham lines discussed above. For the 3D case we in-
troduce discrete planes (called regular) which possess properties analogous to those
of the Bresenham lines in the plane. In particular, the use of such discrete planes
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makes it possible to achieve impermeability of the link between two discrete
triangles.
Our rst step is to dene 2D discrete triangle, which we do next.
2.3. 2D discrete triangle
In Euclidean geometry a triangle consists of three vertices and the segments connect-
ing them. Regarding a denition of a discrete triangle in the plane, our rst concern
is how to choose the naive line connecting two pixels A and B. There might be var-
ious naive lines passing through two xed pixels, but the line approximating best the
continuous straight line L: ax+ by+ c=0 is the Bresenham line LB(a; b; c+ [!2 ]; !),
!=max(jaj; jbj). If the pixels A and B have coordinates (xA; yA) and (xB; yB), respec-
tively, where xA, yA, xB, yB 2Z, then the Bresenham line LB through A and B has the
following parameters:
a= yB − yA;
b= xA − xB;
c= xA(yA − yB) + yA(xA − xB)
=−(axA + byA);
!=max(jaj; jbj):
We will denote the Bresenham line with endpoints A and B by AB.
Remark 1. While in the continuous case the straight lines ax+ by+ c=0 and −ax−
by−c=0 coincide, in the discrete case there might be an ambiguity: L(a; b; c+[!2 ]; !)
coincides with one of the discrete lines L(−a;−b;−c+[!2 ]; !) or L(−a;−b;−c+[!2 ]−
1; !), which, in general, can be dierent (see, e.g., [26]). This means that the line AB
can dier from BA. For the sake of unambiguity of the denition, we will assume that
the pixel A always has lower y-coordinate, i.e., the coecient a is always positive. (In
the case yA=yB the discrete line is vertical and there is no ambiguity in the denition.)
Graphically this means that if the line is functional over the x-axis and if for a xed
x two pixels are in a distance 1=2 from the continuous line, then each one of them
might belong to the discrete line. So we consent that, provided a>0, the discrete line
contains just the pixel with the smaller y-coordinate.
With this concretization, we are ready to introduce the following denition.
Denition 10. 2D discrete triangle: Given three pixels A; B; C 2Oxy, let AB, BC, and
CA be the Bresenham lines from A to B, from B to C, and from C to A, respectively.
Let TE(A; B; C) be the set of pixels whose centers lie inside the Euclidean triangle
4ABC. Then
T2D(A; B; C) = f(x; y)2TE(A; B; C)g [ f(x; y)2ABg [ f(x; y)2BCg
[ f(x; y)2CAg
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Fig. 7. 2D discrete triangle determined by the points A(1; 5), B(−5;−2), and C(5;−5). The sides of
4ABC { AB, BC, and CA { determine the following continuous straight lines: LAB: 7x − 6y + 23= 0,
LBC : 3x + 10y + 35= 0, and LCA: 10x + 4y − 30= 0: The corresponding Bresenham lines are:
AB= L(7;−6; 26; 7), BC = L(3; 10; 40; 10), and CA= L(10; 4;−25; 10). The border is marked with , the
interior with .
is a 2D discrete triangle with vertices A, B, and C. The set of pixels
BT2D(A;B;C) = f(x; y)2ABg [ f(x; y)2BCg [ f(x; y)2CAg
forms the border of T2D(A; B; C), and the remaining pixels form the interior of
T2D(A; B; C) (Fig. 7).
2.4. 3D discrete triangle
In this subsection we dene 3D discrete triangle as a portion of a naive plane
P passing through the centers of three given voxels { vertices of the triangle. Its
projection over P will be a 2D discrete triangle. The rst problem arising here is
how to choose the naive plane through three xed voxels. In general, there may exist
innitely many naive planes satisfying this condition. Actually, let us consider the naive
plane P(a; b; c; ; !), with !=max(jaj; jbj; jcj), passing through the voxels A(xA; yA; zA),
B(xB; yB; zB), and C(xC; yC; zC), where xA, yA, zA, xB, yB, zB, xC , yC , zC 2Z. Then P
satises the system of linear inequalities:
06axA + byA + czA + <!;
06axB + byB + czB + <!;
06axC + byC + czC + <!;
(2)
where !=max(jaj; jbj; jcj), with unknowns a; b; c; 2Z. This system can be solved
using, e.g., the Fourier method (see [29]). The set of its solutions (if it is non-empty)
is an innite cone.
Since the set of discrete planes through three xed voxels may be innite, for the
sake of the deniteness of our construction we have to choose one. The main require-
ment for this plane is that the triangular patches, portions of it, must link without
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Fig. 8. Example of 6-tunnel between two naive planes. Both planes P1(10;−26; 92; 490; 92) and
P2(8; 40;−48;−216; 48) pass through the voxels A(1;−2;−6) and B(−7; 2;−4). The planes are represented
by the values of their z-coordinate. The Bresenham line A0B0 is in gray. It can be seen that for x=−4,
y=0 the voxels belonging to P1 and P2, respectively, have dierence 2 in their z-coordinates. The same
holds for x=0, y=−2.
6-tunnels. In addition, we would like to compute the plane coecients with less com-
putational resources than, in general, the solution of system (2) can take. First of all,
we notice the following fact.
Observation 1. Let A(xA; yA; zA) and B(xB; yB; zB) be two voxels, and let P1 and P2 be
any two naive planes, functional over Oxy and passing through the centers of A and
B. Let A0B0 be the Bresenham line between A0 and B0 { the projections of A and B
onto Oxy. Then it is possible the corresponding voxels (x; y; z1)2P1 and (x; y; z2)2P2
for some pixel (x; y)2A0B0 to be such that jz1 − z2j=2 (Fig. 8).
Observation 1 puts one in mind that not every naive plane could be expediently used
in triangular patch approximation: if we derive triangular patches from P1 and P2 in
the example in Fig. 8, there may be a 6-tunnel between them.
A possible choice of naive plane whose coecients can be easily computed is pro-
vided by the following denition.
Denition 11. Naive plane implicitly associated with continuous plane. Let P: ax +
by+ cz+d=0 be a continuous plane. Then P(a; b; c; d; !), !=max(jaj; jbj; jcj) is the
naive plane implicitly associated with P.
The plane PABC determined by the non-collinear points A, B, and C has the following
coecients:
a=(yB − yA) (zC − zA)− (yC − yA) (zB − zA);
b=(zB − zA) (xC − xA)− (zC − zA) (xB − xA);
c=(xB − xA) (yC − yA)− (xC − xA) (yB − yA);
d= − (axA + byA + czA): (3)
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We assign ! :=max(jaj; jbj; jcj). Since the coordinates of A, B, and C have integer
values, obviously a; b; c; 2Z, !2N.
However, the voxels of such a plane will be only on one side of the corresponding
continuous plane, analogous to the implicitly associated line. It is natural to expect
that, regarding requirement (B2) for a triangular mesh, most adequate properties will
be possessed by the discrete plane approximating best the corresponding continuous
plane, i.e., which is an analogue of the Bresenham line approximation to a straight line
in the plane. Therefore we introduce the following denition.
Denition 12. Regular plane: Let P: ax + by + cz + d=0 be a plane in the 3D
space and let the largest by absolute value coecient among a, b, and c be positive.
(If this maximum is reached for more than one coecient, let the rst of them with
this property be positive.) The naive plane P(a; b; c; d + [!2 ]; !), !=max(jaj; jbj; jcj)
is called regular plane and denoted by PR.
It turns out that the regular plane possesses properties which make it convenient for
our purposes. Its coecients can be found out easily from (3). Obviously, it contains
all the voxels which belong to P. We show next that for any pixel of the functional
plane, PR may contain only a voxel which is a closest one to P. More precisely, we
have the following theorem.
Theorem 2. Let P: ax+by+ cz+d=0 be a continuous plane and PR=P(a; b; c; d+
[!2 ]; !) be the corresponding regular plane. Let 06a6b6c and c 6= 0. Let (x; y)2
Oxy; x; y2Z. Then from (x; y; z)2P and (x; y; z)2PR; follows j z − zj6 12 .
Proof. From 06a6b6c it follows that P  Oxy and != c. Since (x; y; z)2P, we
have ax + by + c z + d=0. Therefore
z=−ax + by + d
c
:
Since (x; y; z)2PR, from Theorem 1 and from (1) we have that
z=−

ax + by + d+ [ c2 ]
c

:
Then
j z − zj=
−ax + by + dc +

ax + by + d+ [ c2 ]
c
 : (4)
Let us assume that (ax+ by+ d)=c= i+ r, where i2Z; r 2R and 06r<1. Then (4)
can be transformed as follows:
j z − zj=
−(i + r) +

i + r +
[ c2 ]
c

=
−r +

r +
[ c2 ]
c
 :
86 R.P. Barneva et al. / Theoretical Computer Science 246 (2000) 73{105
Obviously, [ c2 ]=c6
1
2 and [p]6p for all p2R. Therefore
j z − zj =
−r +

r +
[ c2 ]
c

6
−r + r + 12 :
If r< 12 , we have that [r +
1
2 ]= 0 and then j z − zj= j − rj< 12 . If 1>r> 12 , then
[r + 12 ]= 1 and jz − zj= j − r + 1j6 12 .
This completes the proof.
Theorem 2 can be easily generalized for arbitrary values of the coecients a, b,
and c.
Lemma 3. Let P=P(a; b; c; d + [!2 ]; !); !=max(jaj; jbj; jcj); be a naive plane such
that P =Oxy; and let P: ax+ by+ cz+ d=0 be the relevant continuous plane. Let
(x; y; z) and (x; y; z+1) be two voxels such that j ~z− zj= 12 and j ~z− (z+1)j= 12 ; where
(x; y; ~z)2P. If c<0; then (x; y; z + 1)2P; and if c>0; then (x; y; z)2P.
Proof. From
ax + by + c ~z + d=0 (5)
follows
~z=
ax + by + d
c
: (6)
Since (x; y; z) and (x; y; z+1) are in equal distance from (x; y; ~z) and because a; b; c; d; x;
y2Z, it follows that ~z= i + 12 , where i2Z. The equality (5) implies that c must be
even.
Let us substitute z in the formula of P with ~z  12 . We obtain consequently
06ax + by + c( ~z  12 ) + d+ [!2 ]<!;
06ax + by + c

−ax + by + d
c
 12

+ d+ [!2 ]<!;
and after simplication of the above expression, we obtain 06  c2 + [ jcj2 ]<jcj, or
equivalently, 06 c + jcj<2:jcj.
Obviously, if c>0 then ‘plus’ must be taken, that is, P contains the voxel (x; y; z),
otherwise P contains the voxel (x; y; z + 1).
Remark 2. In the continuous case the planes ax + by + cz + d=0 and −ax − by −
cz − d=0 coincide, while in the discrete case there might be an ambiguity. To avoid
ambiguity, we imposed in our denition of regular plane the conditions:
 if jaj=max(jaj; jbj; jcj), then a>0,
 else if jbj=max(jaj; jbj; jcj), then b>0,
 else if jcj=max(jaj; jbj; jcj), then c>0.
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For example, the regular plane PABCR containing the voxels A(0; 0; 0), B(9; 0;−2),
and C(0; 6;−2) is PABCR =P(2; 3; 9; 4; 9).
Remark 3. Let A, B, and C be an arbitrary triple of voxels, such that the regular
plane PABCR through the voxels A, B, and C is functional over Oxy. Let  be the angle
between the Euclidean plane PABC through A, B, and C and the coordinate plane Oxy.
Then from Lemma 2 one can easily obtain that
6 arctan
p
2: (7)
Note that  can be larger than 45, in particular the above bound is reached in the
case jaj= jbj= jcj.
Consider now the projections A0, B0, and C0 of three voxels A, B, and C from PABCR
onto the relevant functional plane ABCP . Let T2D(A
0; B0; C0) be the 2D discrete triangle
determined by A0, B0, and C0. We dene a 3D discrete triangle with vertices A, B, and
C as a prototype in PABCR of T2D(A
0; B0; C0). More formally, we introduce the following
fundamental denition:
Denition 13. 3D discrete triangle: Let A; B, and C be three voxels in the space.
Let PABCR be the relevant regular plane passing through A, B, and C, and let without
loss of generality PABCR =Oxy. Let A
0, B0, C0 be the projections of A, B, and C over
PABCR . Let T2D(A
0; B0; C0) be the 2D discrete triangle through A0, B0, and C0. Then
T (A; B; C)= f(x; y; z)2PABCR : (x; y)2T2D(A0; B0; C0)g is 3D discrete triangle with ver-
tices A, B, and C. Its border is BT (A;B;C) = f(x; y; z): (x; y)2BT2D(A0 ; B0 ; C0)g (Fig. 9).
The parts of the border which correspond to the sides of Euclidean triangle 4ABC
we will call sides of T (A; B; C) and denote by cAB, cBC, and cCA. A side cAB can be
Fig. 9. 3D discrete triangle with vertices A(1; 5; 4), B(−5;−2; 0), and C(5;−5;−2). Its projection onto the
coordinate plane Oxy is given in Fig. 7. The border is in dark gray.
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Fig. 10. Possible conguration of the voxels in a regular plane.
Fig. 11. Example of disconnected 3D discrete triangle, determined by the voxels A(1; 4; 9), B(5; 0; 1), and
C(2; 4; 8). (a) Volume representation, (b) representation by values of z-coordinate. The missing voxels are
given transparent.
considered as a sort of discrete 3D line, which we call pseudoline. The pseudolines
are similar, but not equal to Figueiredo-Reveilles lines [9].
According to the denition, 3D triangles satisfy all the requirements listed at the
beginning of Section 2.2. The geometric properties, except the connectivity and tunnel-
freedom, are clear by construction.
However, since the regular plane, as well as the border of the 2D triangle in P ,
are maximally thin, this generates certain theoretical diculties, which are interesting
to overcome. This concerns mainly the questions related to connectivity and tunnel-
freedom properties of triangles and triangular meshes. For example, a regular plane
may contain the conguration displayed on Fig. 10. If the naive plane containing
the 3D triangle passes through the voxels with values 1 and 3, the border may be
a disconnected set. This phenomenon does not cause any problems if the triangle’s
interior contains one of the voxels of level 2, which is the usual case. Only in very
particular constructions, when the triangle has very acute angle and the regular plane is
very steep, so that the acute angle coincides with the slope of the plane, it is possible
the triangle to be disconnected, as shown on Fig. 11. These cases are extremely rare:
we carried out about 2 000 000 experiments with 3 randomly generated voxels in the
volumes [−10; 10] [−10; 10] [−10; 10] and [−100; 100] [−100; 100] [−100; 100],
and we have not met any single example of disconnected triangle.
In the next section we will show how one can easily discover and plug up pos-
sible disconnections. This allows us to conclude convincingly that the disconnection
phenomena does not raise any source of algorithmical ineciency.
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3. Discrete triangular meshes
3D discrete triangle dened in Section 2 can be used as a basic element of volumetric
object representation through triangular meshes. The basic theoretical diculty related
to such a triangulation is to avoid 6-tunnels between two adjacent triangular patches.
Let us consider four voxels A, B, C, and D, such that A, B, and C form one
triangular patch, and A, B, and D form another triangular patch. The patches link with
their common sides S1 and S2, respectively, corresponding to the common side AB of
the Euclidean triangles 4ABC and 4ABD. We require the link between T (A; B; C) and
T (A; B; D) to be impermeable, that is, the union of both triangles to be 6-tunnel-free.
Since Denition 9 applies only to (innite) discrete planes, we need to dene the
notion of 6-tunnel-freedom for a nite set of voxels. For the purposes of this paper
it suces to conform to the traditional approach and terminology of combinatorial
topology (see, e.g., [22]). Specically, one can consider a voxel as a closed unit cube
centered at an integral point of R3. Given a nite nonempty set of voxels S, let
S
S
denote the polyhedron obtained as a union of the voxels in S. We shall say that S is
6-tunnel-free if
S
S is a simply connected set.
We will consider separately two cases: Case (A) PABCR and P
ABD
R are functional over
the same coordinate plane, and Case (B) PABCR and P
ABD
R are functional over dierent
coordinate planes. We resort to this separation since there are certain dierences in the
mesh structure in the two cases. Without loss of generality throughout we will suppose
that in Case (A) PABCR and P
ABD
R are functional over Oxy, and in Case (B) P
ABC
R is
functional over Oxy, while PABDR is functional over Oyz.
In both cases A0B0 will denote the projection of the segment AB onto Oxy. A00B00
will denote the projection of AB onto Oyz in Case (B).
We will also suppose everywhere that A0B0 is functional on the y-axis of Oxy.
For the Case (A) this concretization does not give rise to any loss of generality.
For the Case (B), if suppose that the opposite condition takes place, i.e, that A0B0 is
functional on the x-axis of Oxy, the nal result (Theorem 5) remains true, as well.
We notice, however, that the two above possibilities are not fully symmetric, and
under the latter one some modications are needed, in particular certain changes in the
illustrating gures. Since the modied considerations are quite similar to ones in the
considered case, we omit them, to avoid unnecessary complicating and lengthening of
the presentation.
For obtaining our basic results, we rst need to proof two lemmas.
Lemma 4. Let v1 = (x0; y0; z0) and v2 = (x0; y0; z00) be two voxels such that v1 2 S1 and
v2 2 S2. Then jz0 − z00j 2 f0; 1g.
Proof. Assume the opposite. First we consider Case (A) when PABCR and P
ABD
R are
functional over Oxy. It is easy to see that jz0 − z00j<3. Otherwise, the projection of
the segment AB (which is the intersection of PABC and PABD) over the pixel (x0; y0)
would be empty or a single point (the latter takes place only if jz0 − z00j=3 and
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Fig. 12. Illustration to the proof of Lemma 4: (a) P ABCR and P
ABD
R are functional over Oxy, (b) P
ABC
R is
functional over Oxy, and PABDR is functional in Oyz. The voxel v1 in gray belongs to P
ABC
R , and that one
in white, v2 { to PABDR .
\(PABC; Oxy)=\(PABD; Oxy)= arctan
p
2). This contradicts Fact 1. Thus it remains
to consider the case jz0 − z00j=2. Accordingly, let us set z0= z0, z00= z0 + 2.
Let the point (x0; y0; z1)2PABC and (x0; y0; z2)2PABD. From Theorem 2 we have
that jz0 − z1j61=2 and jz0 + 2− z2j61=2.
Consider the segment A0B0 { the projection of AB onto Oxy. Let the points ( x; y0);
(x0; y)2A0B0. Then, keeping in mind the way of constructing the sides S1 and S2 and
Lemma 1, we obtain
jx0 − xj61=2 and=or jy0 − yj61=2; (8)
depending on whether the Bresenham line A0B0 is functional over x- or y-axis or over
both of them (the latter is the case i the straight line A0B0 have equal coecients of x
and y). It is not dicult to see that (8) is possible only in the extreme case when, e.g.,
\(PABC; Oxy)=\(PABD; Oxy)= arctan
p
2, and P ABC contains the points P1 = (x0−
1=2; y0+1=2; z0+1=2), Q1 = (x0+1=2; y0−1=2; z0+1=2), R2 = (x0−1=2; y0−1=2; z0+3=2),
and PABD contains the points P2 = (x0 − 1=2; y0 + 1=2; z0 + 3=2), Q2 = (x0 + 1=2; y0 −
1=2; z0 + 3=2), R1 = (x0 − 1=2; y0 − 1=2; z0 + 1=2), see Fig. 12a. There are few other
extreme cases which are symmetric to this one and can be handled analogously.
We have then jx0− xj= jy0− yj=1=2. We also have that jz0−z1j= jz0+2−z2j=1=2.
Therefore, by Lemma 3, the voxel v=(x0; y0; z0+1) will belong to the side S2. Thus we
obtained that there are two voxels v and v2 with the same rst and second coordinates,
belonging to S2 and, consequently, to PABDR , which is impossible provided that P
ABD
R
is functional over Oxy.
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Case (B) Consider now the case when PABCR is functional over Oxy, while P
ABD
R is
functional over Oyz. It is enough to show that jz0 − z00j<2. Assume that jz0 − z00j=2,
i.e., let z0= z0, z00= z0 + 2. Let Q1Q2 be the projection of AB on the pixel p1, and
R1R2 be the projection of AB on the pixel p2, i.e., Q1, Q2, R1, and R2 are points of
the form: Q1 = (x0; y0 + 1=2), Q2 = (x0 − 1=2; y0) with x0 − 1=26x06x0 + 1=2, y0 −
1=26y06y0+1=2, R1 = (y00; z0+3=2), R1 = (y0−1=2; z00) with y0−1=26y006y0+1=2,
z0 + 3=26z006z0 + 5=2. Since A0B0 is functional on the y-axis, we have that
jMQ2j>jMQ1j; (9)
where M =(x0 − 1=2; y0 + 1=2)2Oxy. In addition, since p1 and p2 belong to the
Bresenham lines approximating the projection of AB onto Oxy and Oyz, respectively,
it is necessary that
jMQ2j> 12 ; (10)
and
jNR2j> 12 and=or jNR1j> 12 ; (11)
where N =(y0 − 1=2; z0 − 3=2)2Oxy.
Reasoning geometrically, it is not dicult to realize that the inequalities (9){(11)
can be satised simultaneously only if the following conditions are met:
(i) The points (x0− 1=2; y0 + 1=2; z0 + 1=2), (x0 + 1=2; y0− 1=2; z0 + 1=2) (which are
vertices of v1), and (x0 − 1=2; y0 − 1=2; z0 + 3=2) (which is a vertex of v2), altogether
belong to PABC , and thus PABC passes also through the point T and forms angle
arctan
p
2 with Oxy (see Fig. 12b);
(ii) The straight line AB is such that the projection on p1 is the segment Q1Q2 with
MQ1 =MQ2 = 1=2, and its projection on p2 is the segment R1R2 with NR2 = 1=2; NR1 =
1=4 (see Fig. 12b).
Clearly, the conditions (i) and (ii) hold if and only if AB passes through the points
(x0; y0 +1=2; z0) and (x0−1; y0−1; z0 +2). However, such a straight line does not pass
through any integral points, which contradicts the condition that A and B are integral
points. This completes the proof.
Lemma 5. There cannot exist two voxels v1 = (x0; y0; z0) and v2 = (x0  1; y0; z0  2)
such that v1 2 S1 and v2 2 S2.
Proof. Without loss of generality consider the case v2 = (x0 − 1; y0; z0 + 2). Let rst
PABCR and P
ABD
R be both functional over Oxy. Then, if we assume that the considered
conguration is possible, we obtain that the pixels (x0; y0) and (x0−1; y0) in Oxy both
belong to A0B0, which contradicts the functionality of A0B0 over the y-axis.
The case when PABCR is functional over Oxy but P
ABD
R is functional over Oyz, can
be handled analogously to Lemma 4.
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Further we consider separately the cases when PABCR and P
ABD
R are functional over the
same coordinate plane, and when they are functional over dierent coordinate planes.
Case (A) Let PABCR and P
ABD
R be functional over the same coordinate plane Oxy.
This case possesses its own importance regarding certain applications, e.g., in terrain
modeling [15]. As we mentioned earlier, an important observation here is that the
borders of the discrete triangles, as well as the discrete triangles themselves, might
be disconnected sets of voxels. The same may happen when dealing with meshes of
triangles. More precisely, the following situations may take place.
Observation 2. (a) A side of a discrete triangle, as well as a discrete triangle itself,
may be a disconnected set of voxels. In particular, a connected discrete triangle can
have a disconnected border.
(b) A mesh of two discrete triangles T (A; B; C) and T (A; B; D) may have discon-
nected side (sides), in particular their common side corresponding to the segment AB
can be disconnected. A mesh itself may be a disconnected set of voxels. A connected
mesh can have disconnected side (sides), in particular the common side corresponding
to the segment AB can be disconnected.
Fig. 11 provided us with an instance of disconnected 3D triangle. Some of the other
possibilities are illustrated in the following example.
Example 1. One can easily check that:
(a) If A=(1; 5; 5), B=(−5;−2;−3), and C =(5;−5; 3), then T (A; B; C) is con-
nected, but its side corresponding to the segment AB is disconnected.
If A=(1; 4; 9), B=(5; 0; 1), and C =(2; 4; 8), then T (A; B; C) is disconnected itself.
(b) If A=(1; 5; 5), B=(−5;−2;−3), C =(5;−5; 3), and D=(2;−1; 3), then
T (A; B; C) and T (A; B; D) are connected, but their common side corresponding to the
segment AB is disconnected.
If A=(1; 4; 9), B=(5; 0; 1), C =(2; 4; 8), and D=(1; 3; 8), then the mesh T (A; B; C)
[ T (A; B; D) is disconnected itself.
We will see later (Theorem 3) that if a triangle (mesh of triangles) is a connected
set, then it is tunnel-free, independently on whether some of its (their) sides are dis-
connected. Before this, we show that a disconnected discrete triangle (disconnected
mesh of discrete triangles) admits a simple characterization. The latter can be used to
eciently extend a possibly disconnected approximation produced by our algorithm, to
a new, connected approximation, which can dier from the initial one in few distinct
voxels only.
Lemma 6. A discrete triangle T =T (A; B; C) is disconnected if and only if there is
at least one pair of voxels v1; v2 of T such that the following conditions are met:
(a) There exists a vertex of T; e.g., the vertex A; such that v1; v2 2A0B0; v1; v2 2A0C0;
(b) If v1 = (x0; y0; z0) and v2 = (x00; y00; z00); then jx0 − x00j=1; jy0 − y00j=1; and
jz0 − z00j=2;
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(c) Without loss of generality; suppose that v1 = (x0; y0; z0); v2 = (x0 + 1; y0 −
1; z0 + 2). Then T2D=T2D(A0; B0; C0) does not contain the pixels p0=(x0; y0 − 1) and
p00=(x0 + 1; y0).
Proof. Suppose rst that T is disconnected. Then clearly two of the sides of T , e.g.,cAB and cAC must be disconnected, too. Consider the side cAB. Fact 3 implies that there
are two voxels v1; v2 2cAB which satisfy the conditions (a){(c). If we assume that v1
and v2 do not belong to cAC, then it easily follows that one of the pixels p0 or p00
belongs to T2D, which contradicts (c).
Now let a pair of voxels v1, v2 exists, such that v1 and v2 satisfy the conditions
(a), (b), and (c). Then T is composed of two parts. One of them consists of voxels
corresponding to A0B0 (from A0 to v01 = (x0; y0)), and of voxels corresponding to A0C0
(from A0 to v01 = (x0; y0)). The other part consists of the rest of the voxels of T , and
clearly the two parts have empty intersection.
A pair of voxels v1; v2 satisfying the conditions of Lemma 6 will be referred to
as a point of disconnection of the discrete triangle T . A pair of voxels v1, v2 which
belong to a pseudoline g and satisfy condition (b) of Lemma 6, is called point of
disconnection of g. Clearly, a point of disconnection of T is a point of disconnection
of two of the sides of T (which are pseudolines, by denition).
Lemma 6 implies a simple procedure for detecting all the points of disconnection, if
any, of a discrete triangle T . If T is disconnected, then from Lemma 6 it follows that
there is a vertex of T , e.g., the vertex A, and voxels v1; v2, which satisfy the Lemma’s
conditions (a), (b), and (c). One can trivially test, e.g., the pseudoline cAB for existence
of points of disconnection and, if any, one can verify which of them are also points
of disconnection of cAC. The points of disconnection, common for cAB and cAC, are
the points of disconnection of T . After a certain point of disconnection is discovered,
the disconnection can be eliminated simply by adding a voxel, e.g., at the position
(x0; y0; z0 + 1). We will refer this procedure as to Procedure (A).
Similarly, Lemma 6 provides a way for nding all points of disconnection of a
mesh of two triangles. In fact, if a mesh T1, T2 (T1 =T (A; B; C), T2 =T (A; B; D)) is
disconnected, then Lemma 6 implies that there is a vertex of the mesh, e.g., the vertex
A, and voxels v1; v2, each of them belonging to cAC, cAB, and cAD, which satisfy the
conditions (a), (b), and (c) of Lemma 6 for the both triangles T1 and T2. One can
test, e.g., cAB for the existence of points of disconnection and, if any exist, one can
verify which of them are also points of disconnection of cAC and cAD. The points of
disconnection which survive these tests are the points of disconnection of the mesh
T1; T2. A disconnection can be eliminated analogously to the case of a single triangle.
We call this procedure the Procedure (B).
Theorem 3. Let the points A; B; C; and D be such that the discrete planes PABCR
and PABDR are both functional over Oxy. Let T1 =T (A; B; C) and T2 =T (A; B; D) be
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the corresponding discrete triangles and let the mesh T1 [T2 be a connected set of
voxels. Then T1 [T2 is 6-tunnel-free.
Proof. By S1 and S2 we denote the discrete sides of T1 and T2, respectively, correspond-
ing to AB. That is, S1 = f(x; y; z)2PABCR j(x; y)2A0B0g, S2 = f(x; y; z)2PABDR j(x; y)
2A0B0g. Let denote S = S1 [ S2.
Since the Bresenham line A0B0 is functional over the y-axis, it follows that for a
xed y=y0 there is exactly one voxel belonging to S1 and exactly one voxel belonging
to S2 (in particular, the two voxels can coincide). To obtain the result stated, we study
the structure of the set S.
We have that T1 [T2 is a connected set of voxels. We will show that S = S1 [ S2 is a
connected set of voxels or, otherwise, S is contained in a connected subset of T1 [T2.
First we consider S for some xed y=y0. Let Sy0 denote the set of voxels of S with
second coordinate y0. Keeping in mind that A0B0 is functional over the
y-axis, we obtain from Lemma 4 that Sy0 is connected, because the only possibil-
ity for disconnection is one case forbidden by this Lemma. Therefore, two possible
types of congurations remain for the structure of Sy0 :
Type (a) Sy0 consists of a unique voxel v which belongs both to S1 and S2.
Type (b) Sy0 consists of two voxels v1 2 S1 and v2 2 S2, which have common hori-
zontal face.
Secondly, we consider the set of voxels of S for y=y0 and y=y0 − 1, where
yA<y06yB. Let Sy0−1 be the set of voxels of S with y=y0 − 1 and let Sy0y0−1
:= Sy0 [ Sy0−1. We will show that Sy0y0−1 is connected or, otherwise, there is a voxel
v2T1 [T2 such that Sy0y0−1 [ v is connected.
Three essential dierent combinations for Sy0y0−1 are possible.
(c1) Both Sy0 and Sy0−1 are of Type (a),
(c2) Sy0 is of Type (a) while Sy0−1 is of Type (b),
(c3) Both Sy0 and Sy0−1 are of Type (b).
Consider case (c1). Let v0=(x0; y0; z0)2 Sy0 , v00=(x00; y0−1; z00)2 Sy0−1. Since A0B0
is functional over the y-axis, the rst coordinates of v0 and v00 can be related as
follows: x00= x0, or x00= x0+1, or x00= x0−1. Suppose z06z00. If z00= z0 or z00= z0+1
then Sy0y0−1 is obviously connected. Assume Sy0y0−1 was disconnected provided that
z00 6= z0 or z00 6= z0+1. By Fact 3 we have that z006z0+2, and thus it remains the only
possibility z00= z0+200. If x00= x0, we obtain that such a conguration is impossible by
Fact 2. Consider the case x00= x0 + 1 (the case x00= x0 − 1 is equivalent). If suppose
that there is no voxel v=(x; y; z) with x= x0−1; y=y0 or x= x0; y=y0−1, then from
Lemma 6 we obtain that the pair v0, v00 is a point of disconnection for both T1 and T2,
which contradicts the terms of the theorem. It is also clear that the third coordinate
of v is equal to z0 + 1, since otherwise Fact 2 would be contradicted. In this way we
obtain that the set Sy0y0−1 [ v is connected.
Analogously, one can show that the cases (c2) and (c3) are impossible, as well.
We have obtained that there is a connected set of voxels S^ T1 [T2 which contains
S1 [ S2 and with the following properties: The projection S^ 0 of S^ over Oxy is a part
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of a Supercover of the segment A0B0, and S^
0
contains the Bresenham line A0B0. Since
T1 [T2 is connected and keeping in mind Fact 2, we can easily reach the conclusion
that the mesh T1; T2 is a 6-tunnel-free set of voxels.
Corollary 1. Let T1 =T (A; B; C) and T2 =T (A; B; D) be two discrete triangles, such
that each of them is a connected set of voxels. Then T1 [T2 is 6-tunnel-free.
Proof. This follows from the observation that T1 and T2 are connected and have (at
least two) common voxels, thus T1 [T2 is connected and, by Theorem 3, 6-tunnel-
free.
Theorem 4. Let T1 =T (A; B; C) and T2 =T (A; B; D) be discrete disconnected triangles;
and let T 1 and T 2 be the connected extensions of T1 and T2; respectively; obtained
after applying the Procedure (A). Then the mesh T 1 [ T 2 is connected and 6-tunnel-
free.
Proof. As a result of the application of Procedure (A), a set of voxels T1 is added
to T1 and a set of voxels T2 is added to T2, such that T1 =T1 [T1 and T2 =T2 [T2
are connected.
Analogously to Corollary 1 one can conclude that T 1 [ T 2 is connected.
Consider the set S = S1 [ S2. If S is connected, then in a similar way as in Theorem 3
we obtain that T 1 [ T 2 is 6-tunnel-free.
Suppose that S is disconnected, and let v1, v2 be a point of disconnection of S. If
after the application of Procedure (A) there have not been added voxels S such that
S [ S gets connected, it easily follows that T 1 [ T 2 would be disconnected, which
contradicts the terms of this theorem. As in the proof of Theorem 3, we obtain that
there must be a connected set of voxels S^  T 1 [ T 2 which contains the set S, and
such that the projection S^
0
of S^ onto Oxy is a part of a Supercover for the segment
A0B0. In addition, S^
0
contains the Bresenham line A0B0. Then, keeping in mind that T 1
and T 2 are connected and 6-tunnel-free, as well as Fact 2, we obtain that T 1 [ T 2 is
6-tunnel-free.
Case (B) Now we consider the case when PABCR and P
ABD
R are functional over dif-
ferent coordinate planes Oxy and Oyz. To simplify the considerations, we will assume
that the discrete triangles T (A; B; C) and T (A; B; D) do not have points of disconnection
which aect some of the pairs of sides AC, BC or AD, BD.
Thus we are interested in what happens on the common border of the mesh built
by the two triangles. Under the above assumption, we have the following result.
Theorem 5. Let the points A; B; C; and D be such that the discrete planes PABCR
and PABDR are functional over Oxy and Oyz; respectively. Let T1 =T (A; B; C) and
T2 =T (A; B; D) be the corresponding discrete triangles. Then the mesh T1 [T2 is a
connected set of voxels, and it is 6-tunnel-free.
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Fig. 13. Impossible four voxels congurations for Sy0 . Sy01 is in dark gray, S
y0
2 is in white.
Proof. Denote by S1 and S2 the discrete sides of T1 and T2, respectively, corresponding
to AB, i.e., S1 = f(x; y; z)2PABCR j(x; y)2A0B0g, S2 = f(x; y; z)2PABDR j(x; y)2A00B00g.
Denote S = S1 [ S2.
Since the Bresenham line A0B0 is functional over the y-axis, it follows that for a
xed y=y0 there is exactly one voxel in S1. Note, however, that, in general, S2 may
contain more than one voxel, especially in the case when A00B00 is functional over the
Oz-axis. We organize the proof in two phases.
Phase (A) In this phase we study the possible congurations of voxels of S for
a xed y. Let Sy0 (Sy01 and S
y0
2 , respectively) denote the voxels in S (in S1 and S2,
respectively) for some xed y=y0 with yA6y06yB.
We have a voxel v2 Sy01 and at least one voxel belonging to Sy02 . In particular, it
is possible that Sy0 consists only of the voxel v, which, however, in such a case must
belong also to Sy02 .
Our rst observation, which follows from Lemmas 4 and 5, is that the voxels of Sy02
are 18-adjacent to v and have y-coordinate equal to y0.
Our next claim is that Sy02 cannot contain more than two voxels among the neighbors
of v. This is obvious in the case when A00B00 is functional over the Oy-axis: then Sy02
contains exactly one voxel which is a neighbor of v or v itself. Let A00B00 be functional
over the z-axis. Fig. 13 displays the essential hypothetic possibilities for three voxels
v1, v2, and v3 in S
y0
2 . Keeping in mind that P
ABD
R is functional over Oyz, it is not
dicult to see that all these cases cannot take place.
In fact, the cases (d) and (e) are immediately impossible by Fact 3. Cases (a){(c)
are impossible by similar arguments as ones used in the proof of Lemma 4, Case (B).
Thus we obtained that there can be not more than two voxels in Sy02 , i.e., S
y0 may
contain at most three distinct voxels.
It is not dicult to realize that certain congurations of three voxels, namely ones
depicted on Fig. 14, cannot exist in Sy0 . (The congurations of corresponding 90 degree
rotations can be considered and eliminated similarly.) In fact, let D=(u; v; w) be any
of these congurations, and let the respective z-coordinates zu, zv, and zw of u, v, and
w be such that zw = zv + 1= zu + 2 (see Fig. 14).
Let rst consider the situation when v2 Sy01 , but v =2 Sy02 . Provided that PABCR is
functional in Oxy, v will be the only element of Sy01 (i.e., u; w =2 Sy01 ), and therefore
u; w2 Sy02 . Then the Bresenham line in Oyz corresponding to Sy02 would be discon-
nected, which is a contradiction.
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Fig. 14. Impossible three voxels congurations for Sy0 .
Fig. 15. Possible congurations for Sy0 . Sy01 is in dark gray, S
y0
2 is in white, and the voxels common for
Sy01 and S
y0
2 are in light gray.
In the case when v belongs to both Sy01 and S
y0
2 , we easily reach a contradiction,
reasoning geometrically as in the proof of Lemma 4, Case (B). The remaining essential
cases
u2 Sy01 , u =2 Sy02 , and v; w2 Sy02 , or
u2 Sy01 , u2 Sy02 , and v; w2 Sy02
can be rejected in a similar fashion.
Thus we have obtained that only eight essential congurations are possible for Sy0 ,
i.e., those displayed on Fig. 15.
Phase (B) In this phase we study the possible congurations of voxels of S which
can exist in two consequent levels with respect to the y-coordinate, i.e., for y=y0 and
y=y0 − 1 where yA<y06yB. Let us denote the voxels of S at levels y0 − 1 and y0
by Sy0−1 and Sy0 , respectively, end let denote their union by Sy0y0−1.
Our rst crucial observation is that Sy0y0−1 is connected. If we consider any possible
combination S
y0y0−1 = Sy0−1 [ Sy0 where Sy0−1 and Sy0 are congurations of voxels
among ones shown on Fig. 15, the assumption that Sy0y0−1 is disconnected leads us to
a contradiction, using some of Facts 2 and 3 and Lemmas 4 and 5.
The only non-trivial possibility when Sy0y0−1 might be a disconnected set of voxels
is one displayed on Fig. 16a. In this conguration v1 = (x0 − 1; y0 − 1; z0 + 2)2 Sy0−11 ,
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Fig. 16. Illustration to the proof of Theorem 5.
v2 = (x0−2; y0−1; z0+1)2 Sy0−12 , and v3 = (x0; y0; z0)2 Sy01 ; Sy02 . We explain the reason
why this conguration is impossible by resorting to the help of the gure.
Consider rst the plane P ABC . From Theorem 2 we have that the point E=(x0 −
1; y0 − 1; z0 + 3=2)2 v1 is below P ABC , while the point E0=(x0; y0; z0 + 1=2)2 v2 is
above P ABC . We have also that the segment AB is contained in P ABC . Let G be the
intersection point of AB and the plane determined by the bottom horizontal face h of
v1. By the assumption that A0B0 is functional over the y-axes, and since v1; v3 2 S1, one
can easily realize that G must belong to h.
On the other hand, Theorem 2 implies that the plane P ABD is such that the point
F =(x0−3=2; y0−1; z0+1)2 v2 lies above P ABD, while the point F 0=(x0−1=2; y0; z0)
2 v3 lies below P ABD. Then it is easy to see that G must lie above the plane P ABD,
which contradicts the fact that G 2AB, and AB is a straight-line segment in the plane
P ABD.
Thus we obtained that Sy0y0−1 is connected, and therefore the whole side S is con-
nected, too. However, the connectivity of S is still not enough to conclude that T1 [T2
is tunnel-free, since some combinations of Sy0−1 and Sy0 provide theoretical possibility
for tunnels. It is not dicult to observe that this can happen only if one or both of
Sy0−1 and Sy0 are congurations of type (a), (b), (e), and (g) of Fig. 15, positioned
in a specic manner.
The examination of all such eventualities shows that all of them are impossible.
Most of the cases can be rejected trivially, on basis of the known facts and lemmas.
For illustration, we ellaborate one of the hypothetic cases of tunnels, which seems to
be the least trivial one.
Consider the conguration displayed on Fig. 16(b). We have Sy0−1 = u[ v, Sy0 = u0 [
v0, where u; u0 2 S1, v; v0 2 S2, u=(x0; y0−1; z0), u0=(x0−1; y0; z0−1), v=(x0−1; y0−
1; z0 + 1), v0=(x0 − 2; y0; z0). Consider the segment AB. By Lemma 2, its projections
on the pixels (x; y) in Oxy which correspond to the voxels u and u0, satisfy conditions
of the form
jx − xj61=2 and=or jy − yj61=2;
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Fig. 17. Discrete triangular mesh with vertices A(1; 5; 4), B(−5;−2; 0), C(5;−5;−2), D(8; 2; 0).
where ( x ; y); (x; y)2A0B0. Analogously, the projections of AB on the pixels (y; z) in
Oyz which correspond to the voxels v and v0 satisfy conditions of the form
jy − yj61=2 and=or jz − zj61=2;
where ( y; z); (y; z)2A00B00.
Then, keeping in mind that \(P ABC; Oxy)6 arctan
p
2, and from geometrical con-
siderations, we can conclude that the above relations are possible (in fact, as equalities)
only if PABC and PABC form angles equal to 45 degrees with the coordinate planes
Oxy and Oyz, respectively. In such a case clearly AB does not pass through integral
points, which is a contradiction.
Thus we obtain that the set S = S1 [ S2 is 6-tunnel-free. Then clearly the mesh T1 [T2
is 6-tunnel-free, too.
The theoretical results obtained in this section show that our rendering method can be
successfully used for obtaining thin discrete triangles, as well as, thin discrete triangular
meshes. A series of experiments showed that the obtained discrete triangles have a
quite satisfactory shape quality. Furthermore, one can verify that a good approximation
to the normal of a discrete triangle is the vector (a; b; c) formed by the coecients
of the implicit equation of the Euclidean plane ax + by + cz + d=0 containing the
triangle vertices. For more details about discrete normals we refer to [20] (see also
[25]). About meshes, we obtained that in one of the two considered cases the mesh is
always tunnel-free, while in the other case disconnections on the common border may
happen too rarely. A possible disconnection can be found and removed adding a voxel
at the point of disconnection. Since the complexity of this procedure is lower than the
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complexity of the basic mesh generation algorithm, this additional computation does
not inuence the order of the total number of performed operations. The experiments
show that in both cases the obtained graphical display of meshes is satisfactory from a
practical point of view. An example of triangular mesh obtained through the proposed
method is presented in Fig. 17.
4. Concluding remarks
In this paper we proposed an approach to eciently obtain a good 3D generating
of polyhedra represented in the form of discrete triangular meshes. Our method for
generating 3D discrete triangles can be considered as a concretization of a more general
generating scheme. Its presentation requires some preliminaries.
Let the triangle vertices A, B, and C are integral points in the plane P : ax + by +
cz + d=0. Let P be a discrete plane of arbitrary thickness, associated with P. Let us
assume that jcj= max(jaj; jbj; jcj). Then we will say that P is pseudofunctional over
Oxy. In particular, if P is naive, it will be pseudofunctional (and also functional) over
Oxy. Given a triple of non-collinear 2D integral points in Oxy, we assume that we
can construct a 2D discrete triangle with vertices the given points.
The general generating scheme includes the following ve stages:
1. Determination of the discrete plane P from which the discrete triangle is a part.
2. Finding the pseudofunctional plane P of P.
3. Finding the projections A0, B0, and C0 over P of A, B, and C, respectively.
4. Computing the 2D discrete triangle with vertices A0, B0, and C0.
5. Generating the 3D triangle in P from its projection in P .
This general scheme provides a family of algorithms for polyhedra discretization. In
this paper we studied the extreme case when the discrete plane P was a naive plane,
and the sides of the 2D discrete triangle in P were naive lines, i.e., the planes and the
lines we used were the thinnest possible tunnel-free. The other extreme case is the case
when P is a Supercover of the plane P, and the lines of the 2D discrete triangle in P
are Supercovers of the corresponding segments. It is not dicult to see that, applying
our scheme for the latter case, we will obtain Supercovers of 3D triangles and, as a
consequence, the polyhedra Supercovers considered in the literature (e.g., [3]). It would
be interesting to study some intermediate cases, e.g., when the discrete plane is naive,
but the sides of the triangle in Oxy are standard lines. This would allow us to simplify
the algorithms proposed in this paper without loss of eciency, as well as without
material loss of quality of the approximation. Note that an interesting complementary
study using standard discrete lines and standard discrete planes is currently on its way. 3
This is the case of the thinnest possible 26-tunnel free meshes.
3 E. Andres, Private communication.
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Appendix A. Algorithm for generation of 3D discrete triangle
We begin this part displaying two basic algorithms for tracing naive line and naive
plane, which are used as subroutines to our algorithms.
Algorithm A.1 (Reveilles [26]). Tracing naive line.
The discrete line L(a; b; 0; b), where 06a6b, can be traced by the following simple
algorithm.
y := 0; r := 0; k := b− a;
for x := 1 to b do
if r < k then r := r + a
else r := r − k; y :=y + 1
Algorithm A.2 (Debled-Renesson and Reveilles [6]). Tracing naive plane.
A simple algorithm is based on Theorem 1. Let the parameters a, b, and c of
naive plane P(a; b; c; ; c) be such that 06a6b6c and c 6= 0. Then Oxy will be the
functional plane for P, and for every pair (x; y) the value of z can be computed by
the formula (1) from Section 2. The following procedure traces P(a; b; c; ; c) in the
domain [0; xmax] [0; ymax].
for x := 0 to xmax do
for y := 0 to ymax do
z :=−

ax + by + 
c

;
Below we present an algorithm for generation of 3D discrete triangles introduced in
Denition 13. We suppose that the coordinates of three voxels A, B, and C are given,
i.e., the input consists of nine integers. Triangular patches are described in their func-
tional planes by the values of the third coordinate. Therefore the used memory is a 2D
array Ar of integer type. If A0, B0, and C0 are the projections of triangle vertices onto
the functional plane PABCR , the used memory is an array Ar[xmin :: xmax; ymin ::ymax], where
xmin = min(xA0 ; xB0 ; xC0); xmax = max(xA0 ; xB0 ; xC0); ymin = min(yA0 ; yB0 ; yC0); ymax =
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max(yA0 ; yB0 ; yC0), supposed that PABCR =Oxy. An additional Boolean array ArBool is
used for pointing out the pixels of the domain [xmin ::xmax] [ymin ::ymax], which belong
to the 2D discrete triangle T (A0; B0; C0).
To simplify the exposition, the detailed description of some procedures (e.g. checking
whether one point belongs to a triangle, etc.) is omitted.
Algorithm A.3. Tracing 3D discrete triangle by three given voxels.
fComputation of Bresenham line in the general case.g
fAlgorithm 1 is used for tracing the Bresenham line in the rst octant.g
fThen the plane Oxy is transformed back to the original coordinates.g
f‘True’ is assigned to ArBool[x; y] when the relevant pixel belongs to
the Bresenham line.g
Routine Generalized-Bresenham-Line(A; B; ArBool)
fComputation of Bresenham line coecients.g
a :=yB − yA; b := xA − xB; c :=−(xA:a+ yA:b);
fMaking the coecient a non-negative.g
if a < 0 then begin a :=−a; b := − b; c :=−c end
else if a=0 and b < 0 then begin b :=−b; c :=−c end;
! := max(jaj; jbj);
 := c + [!2 ];
fSubstitution of the variables, making the coecients a and b to fulll 06a6b,
and A0  O.g
Transformation-Plane(Forth)
fApplying Algorithm 1g
y := 0; r := 0; k := b− a;
for x := 1 to b do
begin
if r < k then r := r + a
else begin r := r − k; y :=y + 1 end;
ArBool[x; y] := true
end
Transformation-Plane(Back);
fComputing the naive plane values using Algorithm 2g
Routine Naive-Plane(x; y)
Ar[x; y] :=−

ax + by + 
!

;
fFilling-in the interior of 2D triangleg
Routine Interior(A,B,C)
for x := xmin to xmax do
for y :=ymin to ymax do
if (x; y) in 4ABC then
ArBool[x; y] := true;
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fComputing the plane coecientsg
a := (yB − yA) (zC − zA)− (yC − yA) (zB − zA);
b := (zB − zA) (xC − xA)− (zC − zA) (xB − xA);
c := (xB − xA) (yC − yA)− (xC − xA) (yB − yA);
! := max(jaj; jbj; jcj);
if (a < 0) and (jaj=!) then begin a :=−a; b :=−b; c :=−c end
else if (b < 0) and (jbj=!) then begin a :=−a; b :=−b; c :=−c end
else if (c < 0) and (jcj=!) then begin a :=−a; b :=−b; c :=−c end
d :=−(axA + byA + czA);
 :=d+

!
2

;
fFinding the functional planeg
if a= max(jaj; jbj; jcj) then P :=Oyz
else if b= max(jaj; jbj; jcj) then P :=Ozx
else P :=Oxy;
fSubstitution of the variables, making the discrete plane coecients to fulll
06a6b6cg
f(that is, the plane Oxy will be functional).g
Transformation-Space(Forth);
fProjections of A; B; and C over the functional plane Oxyg
A0 := (xA; yA); B0 := (xB; yB); C0 := (xC; yC);
fComputing the size of necessary memoryg
xmin := min(xA0 ; xB0 ; xC0); xmax := max(xA0 ; xB0 ; xC0);
ymin := min(yA0 ; yB0 ; yC0); ymax := max(yA0 ; yB0 ; yC0);
fInitialization of the functional plane memory.g
for x := xmin to xmax do
for y :=ymin to ymax do
ArBool[x; y] :=false;
fDrawing 2D triangle T (A0; B0; C0) in the array ArBool.g
Generalized-Bresenham-Line(A0; B0; ArBool);
Generalized-Bresenham-Line(B0; C0; ArBool);
Generalized-Bresenham-Line(C0; A0; ArBool);
fFilling-in the interior of 2D discrete triangle A0B0C0.g
Interior(A0,B0,C0);
fCalling the routine calculating plane’s values.g
for x := xmin to xmax do
for y :=ymin to ymax do
if ArBool[x; y] then Naive-Plane(x; y);
fFilling-in the possible tunnels in Case (A) (see Section 3).g
ProcedureA;
fReverse substitution of the coordinates.g
Transformation-Space(Back);
fVisualization of the 3D triangle.g
Visualize(Ar);
104 R.P. Barneva et al. / Theoretical Computer Science 246 (2000) 73{105
Remark A.4. The routine Transformation-Plane(Forth) transforms the plane in such
a way that the coecients satisfy the condition 06a6b, and the pixel with lower
y-coordinate coincides with the origin O. The routines Transformation-Plane(Back),
Transformation-Space(Forth), and Transformation-Space(Back) function in a similar
way.
This algorithm is plain and uses simple arithmetic. Its time complexity is linear with
respect to the number of voxels generated. Its big advantage is in the relatively small
size of memory used, thanks to the possibility of representing the voxels in a 2D array,
instead of in a 3D array, which is usually the case in volumetric object representation.
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